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It has been shown in an earlier work [arXiv:1303.1535] that there exists a pair of canonically
conjugate variables (fab, Nabc) in general relativity which also act as thermodynamically conjugate
variables on any horizon. In particular their variations (fbcδNabc, N
a
bcδf
bc), which occur in the surface
term of the Einstein-Hilbert action, when integrated over a null surface, have direct correspondence
with (SδT, T δS) where (T, S) are the temperature and entropy. We generalize these results to
Lanczos-Lovelock models in this paper. We identify two such variables in Lanczos-Lovelock mod-
els such that (a) our results reduce to that of general relativity in the appropriate limit and (b)
the variation of the surface term in the action, when evaluated on a null surface, has direct ther-
modynamic interpretation as in the case of general relativity. The variations again correspond to
SδT and TδS where S is now the appropriate Wald entropy for the Lanczos-Lovelock model. The
implications are discussed.
I. INTRODUCTION
Judicious use of the principle of equivalence and principle of general covariance leads to the conclusion
that gravity can be described as arising from the curvature of spacetime. These principles also go a long
way in determining the kinematics of gravity viz. how spacetime curvature affects the dynamics of matter
fields.
The next step is to determine the dynamics of spacetime, viz. how the matter fields act as a source for
curvature. Unfortunately, there is no simple guiding principle to help us in this task. One possibility is to
postulate that the field equations, derived from a suitable action principle, should not contain derivatives
higher than second order. The most general action principle which will lead to this result is the Lanczos-
Lovelock action in D dimensions [1–4]. (In D=4, this reduces to standard Einstein-Hilbert action.) This
has been the conventional way of describing theories of gravity.
In recent years, investigations have revealed several intriguing features for this class of Lanczos-Lovelock
models. They stem from the deep connection between gravitational dynamics and horizon thermody-
namics, which we now know transcends general relativity. These results first emerged in the context of
general relativity from the seminal work by Bekenstein, Hawking, Davies, Unruh and others showing that
horizons in general (and black holes in particular) possess thermodynamic attributes like entropy [5, 6]
and temperature [7–10]. Since any suitable null surface can act as a local Rindler horizon for a class of
observers, this allows one to introduce observer-dependent thermodynamic variables around any event in
spacetime. Then it seems natural to think of spacetime as some kind of fluid with its thermodynamic
properties arising from the dynamics of underlying “atoms of spacetime.” This emergent gravity paradigm
(see, for a review [11–13]) has received significant amount of support from later investigations, especially
from the following results:
• The gravitational field equations reduce to simple thermodynamic identities on horizons for a wide
class of gravity theories more general than Einstein gravity [14–19]. The action functional for
gravity can be expressed as a sum of a bulk term and a surface term with a “holographic” relation
between them. Again this result holds not only in Einstein gravity but also in a more general class of
theories [3, 20–22]. In fact, the action in all Lanczos-Lovelock models can be given a thermodynamic
interpretation [22].
• Gravitational field equations in all the Lanczos-Lovelock models can be derived from a thermody-
namic extremum principle [23, 24] and the action functional itself can be given a thermodynamic
interpretation [25, 26].
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2• Gravitational field equation reduces to the Navier-Stokes equation of fluid dynamics in any space-
time, when projected on an arbitrary null surface, thereby generalizing previous results for black
hole spacetime [27–29].
• More recently [30] these ideas have been taken significantly further in the context of general rel-
ativity and these results have also been generalized to Lanczos-Lovelock models [31]. It has been
demonstrated that the following results hold in all these theories: (a) The total Noether charge in
a 3-volume R, related to the time evolution vector field, can be interpreted as the heat content
of the boundary ∂R of the volume. This provides yet another holographic result connecting the
bulk and boundary variables. (b) The time evolution of the spacetime itself can be described in
an elegant manner as being driven by the departure from holographic equipartition, measured by
(Nbulk −Nsur). The metric will be time independent in the chosen foliation if Nsur = Nbulk which
happens for all static geometries.
We thus have two possible routes towards gravitational dynamics. One is the conventional route, using the
action functional and geometrical variables. The other is the thermodynamic route which uses suitably
defined degrees of freedom, heat content etc. The link between these two routes, obviously, is provided
by the action functional which – as is known from previous investigations [20, 22, 25–28, 32] – has
both dynamical and thermodynamical interpretation. This is a peculiar aspect of gravitational action
functionals, not shared by other theories which possess no thermodynamic or emergent interpretation
and hence is worth probing deeply.
A first step in this direction was taken in Ref. [33]. This work introduced two canonically conjugate
variables
fab =
√−ggab; N cab = QcpaqΓqbp +QcpbqΓqap; Qabcd =
1
2
(
δac δ
b
d − δadδbc
)
(1)
in the context of general relativity and showed that (the variation of) these quantities also possess simple
thermodynamical interpretation in terms of SδT and TδS. But since the thermodynamic interpretation
transcends general relativity, we should be able to find similar geometrical variables in all Lanczos-
Lovelock models. The main purpose of this paper is to identify one set of such variables which satisfy
the conditions: (a) These variables reduce to the ones used in general relativity in D = 4 when the
Lanczos-Lovelock model reduces to general relativity. (b) The variation of these quantities corresponds
to SδT and TδS where S is now the correct Wald entropy of the Lanczos-Lovelock model. We shall show
that this can indeed be done and will discuss several properties of these variables.
The paper is organized as follows: In Sec. II we first review various properties of the Lanczos-Lovelock
theories of gravity which we need for the rest of the paper. In the next section III we summarize
some of the results regarding canonically conjugate variables in Einstein-Hilbert action and their possible
generalization to Lanczos-Lovelock gravity. In Sec. IV we present construction of the line element near an
arbitrary null surface and the thermodynamic interpretation for conjugate variables related to Einstein-
Hilbert action. Section V presents thermodynamic quantities for a general static spacetime and then it is
generalized to arbitrary null surface constructed in the previous section for Lanczos-Lovelock gravity. The
next section VI describes gravity in terms of the newly introduced conjugate variables in both Einstein-
Hilbert and Lanczos-Lovelock actions. Finally, we conclude with a discussion on our results. We have
also presented some more details of the main calculations in two Appendices, A and B.
The metric is assumed to have signature (−,+,+, . . . ,+). The fundamental constants, G, ~ and c are
set to unity. The latin indices a, b, . . . run over all the spacetime coordinates, the greek indices µ, ν, . . .
over the (D − 1) spatial coordinates and the capitalized latin indices A,B, . . . run over the (D − 2)
transverse coordinates when relevant.
II. A BRIEF INTRODUCTION TO LANCZOS-LOVELOCK GRAVITY
Consider a D-dimensional spacetime in which the gravity is described by an action functional:
A =
∫
V
dDx
√−gL (gab, Rabcd) (2)
The Lagrangian depends both on the curvature and the metric but not on the derivatives of the curvature.
The most important quantity for our later purpose, derived from the Lagrangian, is the tensor:
P abcd =
(
∂L
∂Rabcd
)
gij
(3)
3having all the algebraic symmetry properties of the curvature tensor. An analogue of the Ricci tensor in
general relativity can also be constructed by the definition
Rab ≡ P aijkRbijk. (4)
This tensor is indeed symmetric; but the result is nontrivial to prove (for this result and other properties
of these tensors, see [28]). The variation of the action presented in Eq. (2) leads to the result:
δA = δ
∫
V
dDx
√−gL
=
∫
V
dDx
√−gEabδgab +
∫
V
dDx
√−g∇jδvj (5)
where Eab is the field equation term and δv
a is the boundary term. They are given by the following
expressions:
Eab ≡ 1√−g
(
∂
√−gL
∂gab
)
Rabcd
− 2∇m∇nPamnb
= Rab − 1
2
gabL− 2∇m∇nPamnb (6)
δvj = 2P ibjd∇bδgdi − 2δgdi∇cP ijcd (7)
Since the quantity P abcd involves second order derivative of the metric, the term ∇m∇nPamnb contains
fourth order derivatives of the metric. Therefore, to get second order field equation, we must impose an
extra condition on P abcd, such that
∇aP abcd = 0. (8)
Thus the problem of finding an action functional leading to a second order field equation reduces to
finding scalar functions of curvature and metric such that Eq. (8) is satisfied. Such a scalar indeed exists
and is unique; it is given [2–4, 16, 20] by the Lanczos-Lovelock Lagrangian in D dimensions, as
L =
∑
m
cmLm =
∑
m
cm
m
∂Lm
∂Rabcd
Rabcd =
∑
m
cm
m
P abcd(m) Rabcd (9)
This Lagrangian Lm being a homogeneous function of Rabcd of order m can also be written as Lm =
Qabcd(m) Rabcd, which can be used to identify P
abcd
(m) = mQ
abcd
(m) . From now on we shall work with this mth
order Lagrangian and henceforth shall drop the m index. For this Lagrangian we have the following
explicit expression for P abcd in terms of the curvature tensor:
P abcd =
∂Lm
∂Rcdab
= mδaba2b2...ambmcdc2d2...cmdmR
c2d2
a2b2
. . . Rcmdmambm ≡ mQabcd (10)
This relation will be used extensively later. Also note that due to complete antisymmetry of the deter-
minant tensor in a D dimensional space-time we have the following restriction 2m ≤ D, otherwise the
determinant tensor would vanish identically. Lanczos-Lovelock models at dimension D = 2m are known
as critical dimensions for a given Lanczos-Lovelock term. In these critical dimensions the variation of the
action functional reduces to a pure surface term [34].
All generally covariant theories, including the Lanczos-Lovelock theories of gravity, possess diffeomor-
phism invariance. This implies that the invariance under an infinitesimal coordinate transformation,
xa → xa + ξa(x) of the theory should lead to conservation of a current, usually called the Noether cur-
rent. From variation of action functional we can get the Noether current having the following expression
[3, 4, 35, 36]:
Ja ≡ (2Eabξb + Lξa + δξva) (11)
In the above expression the last term, δξv
a represents the boundary term when the metric variation has
the following form: δgab = ∇aξb +∇bξa. From the property of the Noether current ∇aJa = 0, we can
define an antisymmetric tensor referred to as Noether Potential by the condition, Ja = ∇bJab. Using
Eq. (6) we can substitute for the the boundary term leading to an explicit form for both the Noether
4current and Potential. These general expressions can be found in [3]. In the context of Lanczos-Lovelock
theories, where ∇aP abcd = 0 , they are given by
Jab = 2P abcd∇cξd (12)
Ja = 2P abcd∇b∇cξd = 2Rabξb + 2P ijak LξΓkij (13)
with Γabc being the metric compatible connection.
The Noether current has a direct thermodynamic interpretation. To begin with one can associate a
Wald entropy with horizons in all Lanczos-Lovelock models. The corresponding entropy density (which,
integrated over the horizon gives the entropy) is given by [12, 37–42]
s = −1
8
√
σP abcdµabµcd =
1
2
√
σPαbdβrαubudrβ (14)
It can be shown [30, 31] that the Noether charge inside a bulk region is R equal to the heat content of
the boundary surface ∂R. That is,∫
V
dD−1x
√
huaJa (ξ) = ǫ
∫
∂V
dD−2x Tlocs (15)
which provides a direct thermodynamic as well as holographic interpretation of Noether charge. (Here
ǫ = ±1 is appropriately chosen such the the outward normal is in the direction of the acceleration of the
observers; for details of this result see [30, 31]).
III. CONJUGATE VARIABLES IN EINSTEIN-HILBERT ACTION AND POSSIBLE
GENERALIZATION TO LANCZOS-LOVELOCK GRAVITY
In this section we start by reviewing the conjugate variable structure in Einstein-Hilbert action, which
we will subsequently generalize to Lanczos-Lovelock gravity. We will first summarize the results for
general relativity and then attempt a relatively simple generalization to Lanczos-Lovelock models, which,
however, does not work. Taking a cue from this, we will define a modified set of variables, which — as
we shall see — work correctly.
We start by reviewing the structural aspects of Einstein-Hilbert action. In four dimensions, the stan-
dard Lanczos-Lovelock criteria uniquely identify the action functional to be Einstein-Hilbert action:
16πAEH =
∫
V
d4x
√−gLEH =
∫
V
d4x
√−gR (16)
Motivated by our desire to generalize the results to Lanczos-Lovelock models, we will rewrite the above
action in terms of the relevant Q bcda for this m = 1 Lanczos-Lovelock model so that the Lagrangian
density LEH becomes:
LEH ≡ Q bcda Rabcd; Q bcda =
1
2
(
δcag
bd − δdagbc
)
(17)
It is well known that the Einstein-Hilbert action is the sum of a bulk term, which is quadratic in the
derivatives of the metric and a surface term which contains all the second derivatives [43]. This decom-
position can be written as in terms of the variable Q bcda as
LEH = Lquad + Lsur
Lquad ≡ 2Q bcda ΓadkΓkbc; Lsur ≡
2√−g∂c
(√−gQ bcda Γabd) . (18)
The bulk part of the action, when varied , leads to Einstein equation. We stress [3] the following point:
The equations of motion can be determined from the the variation of the bulk term alone. The solutions
to the field equation (including, say, the black hole solutions) are not dependent on the surface term
in any way since they are derived from the bulk term alone. Nevertheless, when the surface term is
evaluated on the horizon it produces the entropy associated with the horizon. This is one of the hints for
the thermodynamic interpretation arising from the action functional.
5A. Conjugate variables in Einstein gravity
We now review the use of a different set of canonically conjugate variables in Einstein-Hilbert action.
This is done in detail in Ref. [30] and [33]; however for completeness, we review some of these results.
The variational principle in general relativity becomes simpler if we introduce a new dynamical variable
fab ≡ √−ggab (which is a tensor density) instead of the metric gab. Then the Einstein-Hilbert action in
terms of the new variable fab reads [30, 33]
√−gR = √−gLquad − ∂c
[
fab
∂ (
√−gLquad)
∂ (∂cfab)
]
=
√−gLquad − ∂c
(
fabN cab
)
(19)
where we have defined another quantity, representing the conjugate momenta to fab as
N cab =
∂ (
√−gLquad)
∂ (∂cfab)
= QcdaeΓ
e
bd +Q
cd
beΓ
e
ad. (20)
The usefulness of these variables is apparent from the structure of the variation of the Einstein-Hilbert
action. These variables also lead to two terms, the equation of motion term and the surface term having
the following decomposition:
δ
(√−gR) = Rabδfab + fabδRab = Rabδfab − ∂c (fabδN cab) . (21)
Making the surface term vanishing is equivalent to demanding δNabc = 0, which is equivalent to setting
variation of momentum to zero at the end points. (That is, we interpret Einstein-Hilbert action as a
momentum space action; see p.291 of ref. [3]) Also many other expressions simplifies considerably in
terms of these variables [30, 33]. We summarize some of these important relations in terms of these
variables below:
Rab =
(
−∂cN cab −N cadNdbc +
1
3
N cacN
d
bd
)
(22)
√−gR = −fab∂cN cab −
1
2
N cab∂cf
ab (23)
=
1
2
N cab∂cf
ab − ∂c
(
fabN cab
)
(24)
= −1
2
[
fab∂cN
c
ab + ∂c
(
fabN cab
)]
(25)
√−gLquad = 1
2
N cab∂cf
ab;
√−gLsur = −∂c
(
fabN cab
)
(26)
The Noether current also has a simple expression [30, 33] in terms of these variables:
√−gJa = 2√−gRabξb + fpqLξNapq (27)
Next we will consider the question of finding similar variables for Lanczos-Lovelock models.
B. Conjugate variables in Lanczos-Lovelock theories
In Einstein gravity, we have obtained a simpler description using the two conjugate variables, fab =√−ggab and N cab = QcdaeΓebd+QcdbeΓead. The most natural choice for the corresponding variables in Lanczos-
Lovelock gravity will be the ones obtained by defining Nabc by the same relation, viz. by Eq. (20), as
in general relativity but with Qabcd given by that for the appropriate Lanczos-Lovelock model, viz. by
Eq. (10). We will first explore this choice of variable and see whether they satisfy all the requirements.
Even in Lanczos-Lovelock theories, the decomposition of the Lagrangian into a bulk term and a surface
term exists and has the identical expression as in Eq. (18) with the Qabcd defined by Eq. (10). There are
two desirable features we expect the variables to satisfy: First, the surface term should be expressible
as, −∂(qp); second the quadratic part of the Lagrangian must be expressible as, p∂q. Note that q and p
are not absolute, since in the Hamiltonian formulation both are given equal weightage,and we can even
interchange q and p. In Einstein-Hilbert action these relations are given by Eq. (26).
With this motivation, let us examine whether these two variables, f˜ab which is same as the fab in
Einstein-Hilbert action and N˜abc having the same expression as that of N
a
bc with Q
ab
cd corresponding to
6the one for the Lanczos-Lovelock model, satisfy our criteria. For that purpose we need to evaluate
the following combinations, f˜ab∂cN˜
c
ab and N˜
a
bc∂af˜
bc. These are evaluated explicitly in Appendix A [see
Eq. (A5) and Eq. (A6)]. We state here the final results:
√−gLsur = −∂c
(
f˜pqN˜ cpq
)
(28)
√−gLquad = N˜ cab∂cf˜ab −
(
2
√−gQ bqcp ΓpqbΓmcm − 2
√−ggbmQcqapΓpqbΓacm
)
(29)
√−gQ qrsp Rpqrs = −f˜ab∂cN˜ cab −
(
2
√−gQ bqcp ΓpqbΓmcm − 2
√−ggbmQcqapΓpqbΓacm
)
(30)
Thus even though it leads to the proper surface term it does not simplify the other terms unlike in the
Einstein-Hilbert case presented in Eq. (26). Hence we conclude that these variables are not suitable.
The same conclusion can also be reached from the expression for the Noether current as well. In
Lanczos-Lovelock theories the Noether current has the expression given by Eq. (13), which can actually
be derived without any notion of diffeomorphism invariance, using only differential geometry [30, 31].
As in the Einstein-Hilbert scenario where the last term becomes, fabLξN cab, here also we would like the
last term to be of the form f˜pqLξN˜apq. However this does not yield the correct Noether current. An
extra term, depending on Lie variation of the entropy tensor P abcd, comes into the picture. We have
used several identities regarding Lie variation of P abcd but none of these help to simplify the extra term.
[Though these identities do not help, they are quiet interesting and have not been derived earlier; hence
we present these relations in Appendix. B]. In summary, these variables, though they are the simplest
choice, do not fulfill the criteria we would like them to satisfy.
It is, however, possible to attack the problem from a different angle and obtain another set of variables
that satisfies all our criteria. The clue comes from the Noether current itself. We know from Eq. (27) that
in general relativity, the second term of the Noether current, given by fabLξN cab,has the two variables
[fab, N cij ] on the two sides of Lξ while in the mth order Lanczos-Lovelock model the corresponding term
P ajik LξΓkaj = mQ ajik LξΓkaj (see Eq. (13)) has the variables [Γkaj , Q ajik ] on the two sides of Lξ. Taking a
cue from this, let us define two variables:
Γabc =
1
2
gad (−∂dgbc + ∂bgcd + ∂cgbd) (31)
U bcda = 2
√−gQ bcda (32)
where Γabc, of course, is the standard connection and Q
bcd
a is given by Eq. (10). (The factors are chosen
to give the correct limit for general relativity when m = 1; we will see that these definitions work.)
Interestingly, these variables can be introduced in a somewhat different manner as well. Suppose we
consider the Lanczos-Lovelock model Lagrangian which can be expressed entirely in terms of Rimkl [with
index placements (2,2)] plus Kronecker deltas. Since Rimkl = g
mjRijkl it can also be expressed in terms
of the variables Rijkl [with index placements (1,3)] and the metric g
ab. On the other hand, Rijkl [with
index placements (1,3)] can be written entirely in terms of ∂lΓ
i
jk and Γ
i
jk without the metric appearing
anywhere. Therefore, one can think of the Lanczos-Lovelock Lagrangian, when expressed in terms of
Rijkl [with index placements (1,3)] and the metric g
ab as a functional of [gab, ∂lΓ
i
jk,Γ
i
jk]. This suggests
defining the “conjugate variable” to the connection:
mU vlwu ≡
∂ (
√−gL)
∂ (∂lΓuvw)
(33)
The equality of the two sides, for m−th order Lanczos-Lovelock Lagrangian is easy to verify using
Eq. (A9). It can be proved that this quantity Uabcd has all the symmetries of the curvature tensor
(essentially because the ∂lΓ
u
vw occurs in L only through the curvature tensor.) This suggests yet another
meaning to the variables introduced in Eqs. (31) and (32).
Of course, this set of variables in Eqs. (31) and (32) works for the Einstein-Hilbert case well. Now
U vlwu can be expressed entirely in terms of the metric and – in this sense – one can think of the metric
(or rather the particular combination of metric components) as conjugate to connection (rather than the
other way around!) even in the Einstein-Hilbert case. All the original relations for the Einstein-Hilbert
action can be written in terms of these two variables instead of fab and Nabc as in Eqs. (A7) and (A8)
matching exactly Eq. (26). The reason has to do with the fact that for any covariant derivative operator
7Dˆ we have
fpqDˆNapq = 2
√−ggpqDˆ (QaepdΓdeq)
= 2
√−ggpqQaepdDˆΓdeq
= 2
√−gQ qead DˆΓdqe = U qrap DˆΓpqr. (34)
This is possible only in the Einstein-Hilbert action where Qcdab involves only the Kronecker delta functions
and hence can be pulled through any covariant derivative operator. Thus, in general, the pair [Γabc, U
pqr
a ]
can also act as the conjugate variables, in Einstein gravity. Since U pqra can be entirely expressed in terms
of the metric in general relativity , they are equivalent to fab and N cab structurally. However in higher
order Lanczos-Lovelock theories Qabcd depends on curvature tensor and hence the above equivalence is
broken. As we shall see it is better to work with the two variables as in Eqs. (31) and (32), as shown in
App. A Eqs. (A7) and (A8).
Finally, note that, by construction, the Noether current becomes in terms of these variables
√−gJa = m (2U pqrb Rapqrvb + U cdab LξΓbcd)
= 2
√−gRabvb +mU cdab LξΓbcd (35)
This is exactly of the same form as Eq. (27), the Noether current for Einstein-Hilbert action.
IV. THERMODYNAMIC STRUCTURE OF EINSTEIN-HILBERT ACTION
In this section we will rapidly review the thermodynamic structure of conjugate variables introduced
in an earlier work [33] and then shall extend these thermodynamic variables to Lanczos-Lovelock gravity.
For the geometrical construction, we shall confine ourselves in a four-dimensional spacetime, with the
possibility of generalizing to higher dimensions in a straightforward manner. We start by reviewing the
construction of metric near an arbitrary null surface.
A. Construction of Gaussian null coordinates
Let us consider the four-dimensional spacetime V 4 = M3×R, whereM3 is a compact three-dimensional
manifold. We will consider spacetimes to be time orientable with null embedded hypersurfaces, which
are diffeomorphic to M3 with closed null generators. We take N to be such a null hypersurface with
null generator [44, 45]. On this null surface N we can introduce spacelike two surface with coordinates
(x1, x2) defined on them. The null geodesics generating the null hypersurface N goes out of this spacelike
two surface. Thus we can use these null generators to define coordinates on the null hypersurface.
The intersection point of these null geodesics with the spacelike two surface can be determined by the
coordinates (x1, x2), which then evolves along the null geodesic, which is affinely parametrized by u, and
label each point on the null hypersurface as (u, x1, x2). The above system of coordinates readily identify
three basis vectors: (a) the tangent to the null geodesics, ℓ = ∂/∂u, and (b) basis vectors on the two
surface eA = ∂/∂A.
Having fixed the coordinates on the null surface N we now move out of the surface using another set
of null generators with tangent ka satisfying the following constraints: (a) kak
a = 0, (b) eaAka = 0 and
finally ℓak
a = −1. These null geodesics are taken to intersect the null surface at coordinates (u, x1, x2)
and then move out with affine parameter r, such that any point in the neighborhood of the null surface
can be characterized by four coordinates (u, r, x1, x2). In this coordinate system, the null surface is given
by the condition r = 0. This defines a coordinate system {u, r, xA} over the global manifold V 4. This
system of coordinates are formed in a manner analogous with Gaussian Normal Coordinate and hence is
referred to as Gaussian null coordinates (GNC ).
Having set the full coordinate map near the null surface we now proceed to determine the metric
elements in that region. Note that ℓaℓ
a = 0 leads to guu = 0 on the null surface since ℓ = ∂/∂u. We
also note that the basis vectors eaA have to lie on the null surface implying ℓae
a
A = 0 on N , which leads
to guA = 0. Also the metric on the two-surface is given by gAB = e
a
Ae
b
Bgab, which we denote by µAB.
We also need the criteria that µAB is positive definite with finite determinant ensuring invertibility and
non-degeneracy of the two metric. Thus the following metric components gets fixed to be:
guu|r=0 = guA|r=0 = 0;
gAB = µAB (36)
8Let us now proceed to determine the other components of the metric. For this, we will use the vector
k = −∂/∂r such that from kaka = 0 we get grr = 0 throughout the spacetime manifold. Also from
the criteria that the null geodesics are affinely parametrized by r we readily obtain ∂rgrα = 0, where
α = (u, x1, x2). Again, from the conditions ℓ
aka = −1, we readily get gru = 1 and from kaeaA = 0 we get
grA = 0. From the criteria derived earlier showing ∂rgrα = 0 we can conclude that the above two-metric
coefficients are valid everywhere. Thus within the global region V 4 we can have smooth functions α and
βA such that, α |r=0= (∂guu/∂r) |r=0 and βA |r=0= (∂guA/∂r) |r=0. With these two identifications we
have the following expression for the line element as
ds2 = gabdx
adxb = −2rαdu2 + 2dudr − 2rβAdudxA + µABdxAdxB (37)
where µAB is the two-dimensional metric representing the metric on the null surface. Note that the
construction presented above is completely general; it can be applied in the neighborhood of any null
hypersurface and, in particular, to the event horizon of a black hole.
B. Thermodynamics related to Einstein-Hilbert action
In this section we will show that the variables fab =
√−ggab and Nabc = QadbeΓecd +QadceΓebd are closely
related to the thermodynamic properties of null surfaces. The variations pδq and qδp obtained from
conjugate variables have direct thermodynamic interpretation associated with them. This result was
obtained earlier in Ref. [33] but we go through the key steps for completeness as well as for a minor
relaxation of the conditions originally used in Ref. [33].
1. Static Spacetime
We will first prove these relations for a general static spacetime before discussing arbitrary null surface
constructed above. Let us consider an arbitrary static spacetime with horizon. For this spacetime we
have an arbitrary two surface with metric σAB and the line element can be written in the form [46]:
ds2 = −N2dt2 + dn2 + σABdyAdyB (38)
In the above line element, n represents spatial direction normal to the (D− 2) dimensional hypersurface
with σAB being transverse metric on the two surface. Let ξ = ∂/∂t be a timelike Killing vector, with
Killing horizon located at, N2 → 0. The coordinate system is chosen in such a way that n = 0 on the
Killing horizon. Then, in the near horizon regime, the following expansions of N and σAB are valid [46]:
N = κ(xA)n+O(n3)
σAB = [σH(y)]AB +
1
2
[σ2(y)]AB n
2 +O(n3) (39)
In the above expression κ is the local gravitational acceleration defined as: κ = ∂nN and in the r → 0
limit, κ→ κH , satisfying all the standard properties of surface gravity. Also κ/N represents the normal
component of the four acceleration of an observer at fixed (n, xA). Throughout the calculation we shall
evaluate quantities on a n = constant surface and then take the n → 0 limit. The nonzero components
of the metric variations are:
δgtt = 2NδN ; δgAB = δσAB (40)
We will also require the nonzero components of Nabc which are [33]:
Nntt = −N∂nN ; Nnnn =
∂nN
N
+
1
2
σAB∂nσAB ; N
n
AB =
1
2
∂nσAB (41)
Then in the near horizon limit the respective pδq and qδp terms turn out to be:
Nnabδf
ab|H = 2κδ(
√
σ); fabδNnab = 2
√
σδκ (42)
Then integration over the transverse variables and introduction of proper numerical factor yields the
variation of the surface term in Einstein-Hilbert action to be :
1
16π
∫
d2x⊥N
n
abδf
ab =
∫
d2x
κ
2π
δ
(√
σ
4
)
=
∫
d2xTδs (43)
1
16π
∫
d2x⊥f
abδNnab =
∫
d2x
√
σ
4
δ
( κ
2π
)
=
∫
d2xsδT (44)
9where s =
√
σ/4 is the entropy density of the spacetime. (If the surface gravity κ is independent of the
transverse coordinates then the above results become TδS and SδT respectively, but the result in the
above form expressed through Eqs. (43) and (44) is more generally applicable.) The above equations can
also be written in terms of U bcda and Γ
a
bc, since f
abδN cab = 2
√−ggabQceadδΓdbe = U becd δΓdbe Hence Eqs. (43)
and (44) can also be presented in terms of the variables U bcda and Γ
a
bc as:
δH(1)sur =
1
16π
∫
d2x U bcra δΓ
a
bc =
∫
d2x sδT (45)
δH(2)sur =
1
16π
∫
d2x ΓabcδU
bcr
a =
∫
d2x Tδs (46)
However, as we will see later, this not possible in Lanczos-Lovelock gravity, and we have to work with
U becd directly.
2. Generalization to Arbitrary null surface
In the context of horizon thermodynamics the concepts of local Rindler frame and Rindler horizons
are extensively used [32], where local Rindler horizon refers to a patch of null surface which is perceived
as the horizon by a suitably defined accelerated observer. This analysis can be made more general by
working in the near horizon regime of an arbitrary null surface. Its construction was presented in Sec.
IVA leading to the line element in the near horizon limit being given by Eq. (37), with r = 0 representing
the null surface.
It will, however, be unrealistic to expect arbitrary variations of the metric in the near horizon limit
of an arbitrary null surface to have simple thermodynamic interpretation. In order to obtain suitable
thermodynamic interpretation we need to impose some restrictions. These restriction can be of two
types: (i) Those involving restriction on the background metric itself with variations being arbitrary.
This is broadly what we did in the last section where we assumed the background to be static but kept
the variations arbitrary. (ii) Those keeping background metric arbitrary with some restrictions being
imposed on the variations. Among these two, restriction on the variation is conceptually preferable
since we want the background metric to represent any arbitrary null surface and hence we shall keep it
most general. As we shall see, the conditions on the metric variation we need to impose turn out to be
∂uδ(µAB) = 0 and ∂uδ(
√
µ) = 0. These conditions imply that these specific variations should not depend
on time coordinate u and thus henceforth will be referred to as stationarity conditions in what follows.
(These conditions also generalize slightly the results obtained earlier in [33]).
We now proceed to calculate the surface term which turns out to be:
Asur = − 1
16π
∫
d3x ncf
abN cab (47)
One of the integral in the above expression is over time which will just lead to a multiplicative factor
in static geometries. It is, therefore, more convenient to work with the surface Hamiltonian (which is
actually the heat density of the surface; see [30]) defined as:
Hsur = −∂Asur
∂u
=
1
16π
∫
d2x ncf
abN cab (48)
The surface Hamiltonian in Einstein-Hilbert action, evaluated for the above metric, turns out to be [33]:
Hsur = − 1
16π
∫
d2x
√
hnrV
r
= − 1
16π
∫
d2x
[
− 1√
µ
∂uµ−√µ
(
2α+ 2r∂rα+ 2rβ
2 + 2r2βA∂rβ
A
)
− 2rα+ r
2β2√
µ
∂rµ−√µr∂AβA − rβ
A
√
µ
∂Aµ
]
. (49)
Since integration variables are u and xA, we can take the r → 0 limit easily leading to, √hnrV r =
−∂uµ/√µ− 2√µα. The first term vanishes when stationarity conditions are used. We then arrive at:
Hsur =
1
16π
∫
d2x 2
√
µα =
∫
d2x
( α
2π
)(√µ
4
)
=
∫
d2xTs (50)
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which is indeed the heat density at the boundary.
The variation of this surface Hamiltonian splits into two parts such that:
δHsur =
1
16π
∫
d2x nc
(
fabδN cab +N
c
abδf
ab
) ≡ δH(1)sur + δH(2)sur (51)
where δH
(1)
sur contains fabδN cab and δH
(2)
sur contains N cabδf
ab. Among them fabδN cab has the following
expression near the r = 0 null surface:
fabδN rab = 2
√
µδ
(
α+
1
4
µAC∂uµAC
)
+
1
2
√
µµAB∂uδµAB (52)
It is evident from the above expression that the stationarity conditions mentioned above leads to the
following result:
δH(1)sur ≡
1
16π
∫
d2xfabδN rab =
1
8π
∫
d2x
√
µδα (53)
Rather than evaluating the second term N cabδf
ab individually it is a little simpler to obtain it by consid-
ering variation of the total surface Hamiltonian. The variation of the full surface term is:
δHsur =
1
16π
∫
d2xδ (2
√
µα) . (54)
Using this result and Eq. (53) the second variation in Eq. (51) becomes,
δH(2)sur =
1
16π
∫
d2xN rabδf
ab =
1
8π
∫
d2xαδ
√
µ (55)
We can rewrite the integrands of Eqs. (53) and (55) as sδT and Tδs respectively. More formally, we
write:
δH(1)sur =
1
16π
∫
d2xfabδN rab
=
∫
d2x
√
µ
4
δ
( α
2π
)
=
∫
d2x sδT (56)
δH(2)sur =
1
16π
∫
d2xN rabδf
ab
=
∫
d2x
α
2π
δ
(√
µ
4
)
=
∫
d2x Tδs (57)
where again s =
√
µ/4 is the entropy density of the spacetime.
This result brings out the connection between these conjugate variables and respective thermodynamic
quantities pertaining to the null surface acting as a local Rindler horizon. The curious feature is that while
the surface term integrated over the horizon leads to the heat content, the variation Tδs itself comes from
variation of generalized coordinates and the variation sδT coming from variation of generalized momenta.
Finally, as in the previous section these relations can also be expressed in terms of U bcda δΓ
a
bc and
ΓabcδU
bcd
a respectively. That is
δH(1)sur =
1
16π
∫
d2x U bcra δΓ
a
bc =
∫
d2x sδT (58)
δH(2)sur =
1
16π
∫
d2x ΓabcδU
bcr
a =
∫
d2x Tδs (59)
Next we will take up the case of Lanczos-Lovelock models.
V. THERMODYNAMICS RELATED TO LANCZOS-LOVELOCK ACTION
In this section, we shall describe the corresponding results for the Lanczos-Lovelock models. As in the
previous case, we shall first illustrate the results for a general static spacetime and then generalize these
results to the arbitrary null surface constructed in Sec. IVA.
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The surface term in Lanczos-Lovelock Lagrangian, discussed in Sec. II, can be written as:
− ∂c
(
2
√−gQ bdca Γabd
) ≡ −∂c (√−gV c) (60)
Then under infinitesimal variation the surface term variation can be subdivided into two parts
δ
(√−gV c) = U bdca δΓabd + ΓabdδU bdca (61)
where one term involves variation of connections, while the other one is quiet complex and involves
variation of both the metric and the entropy tensor. Hence the variation of the surface term can be
written by introducing the surface Hamiltonian in an identical manner as follows:
δHsur =
1
16π
∫
dD−2x ncδ
(√−gV c)
=
1
16π
∫
dD−2x ncU
bdc
a δΓ
a
bd +
1
16π
∫
dD−2x ncΓ
a
bdδU
bdc
a
= δH(1)sur + δH
(2)
sur (62)
Also the variation of the connection due to infinitesimal change of metric gab → gab + hab is:
δΓpqr =
1
2
hpa (−∂agqr + ∂qgar + ∂rgaq) + 1
2
gpa (−∂ahqr + ∂qhar + ∂rhaq) (63)
Using these results we can calculate the variation explicitly for different metrics. We will show that, just
as in the case of Einstein-Hilbert action, the first term in Eq. (62) leads to sδT while the second term
leads to Tδs.
A. A general static spacetime
We will consider an arbitrary static spacetime with horizons as presented in Sec. IVB 1. For the line
element presented in Eq. (38) using Eq. (A10) and Eq. (39) we find that (in the relevant n → 0 limit)
only three components of connection are non zero. These are : Γntt = N∂nN , Γ
t
nt = ∂nN/N and Γ
A
BC .
Another two expressions we need for the calculation are the (D − 2) dimensional surface element and
Wald entropy for Lanczos-Lovelock theories. The null surface we are interested in can be defined by the
condition, l2 = 0, with la being (local) Killing vector. Then if we can introduce another auxiliary null
vector ka such that, lak
a = −1, then the (D − 2) dimensional surface element turns out to be:
dΣab = d
D−2xµab = −dD−2x (lakb − lbka) . (64)
The Wald entropy expressed in terms of the entropy tensor is [38, 47]:
S = −1
8
∫ √
σdD−2xP abcdµabµcd (65)
where σ is the determinant of the metric on the two surface. With the la and ka defining the bi-normal
of the (D−2) dimensional surface, we have the following expression for the entropy of this static horizon:
S =
1
2
∫
dD−2x
√
σPntnt ≡
∫
dD−2xs (66)
where s = (1/2)
√
σPntnt . Next we evaluate the variation U
bdn
a δΓ
a
bd which turns out to be:
U bdna δΓ
a
bd |H = 2
√−gQ bdna δΓabd
= 2N2
√
σQ ttnn δ (∂nN) + 2
√
σQ ntnt δ (∂nN)
= 4
√
σQntntδκ (67)
Along the similar lines we can compute the other part of the variation, ΓabdδU
bdn
a which can be written
as:
ΓabdδU
bdn
a |H= 4κδ
(√
σQntnt
)
(68)
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From Eq. (66) we get the expression for entropy and the temperature is given by as κ/2π. With these
two identifications we find:
1
16π
∫
dD−2x Γabdδ(mU
bdn
a ) =
1
2
∫
dD−2x
κ
2π
δ
(√
σPntnt
)
=
∫
dD−2xTδs (69)
1
16π
∫
dD−2x (mU bdna )δΓ
a
bd =
1
2
∫
dD−2x
√
σPntnt δ
( κ
2π
)
=
∫
dD−2x sδT (70)
In the above expressions s represents the entropy density of the horizon, which reduces to
√
σ/4 in the
Einstein-Hilbert limit. The above results show that the two terms in Eq. (62) leads to Tδs and sδT
respectively, with κ being κ(xA). Also we observe that these are identical to those obtained in Einstein-
Hilbert scenario as presented in Eqs. (45) and (46) respectively. (As in the general relativity, if κ is
independent of transverse coordinates [48, 49] one can integrate to obtain TδS and SδT respectively; but
these results are more general.)
Thus we have natural generalization of the results in general relativity to all Lanczos-Lovelock models
if we use the variables U bcda and Γ
a
bc introduced in Sec. III.
B. Generalization to arbitrary null surface
Having discussed the thermodynamic interpretation of the two variables for a general static spacetime,
we will now extend the result to an arbitrary null surface. The metric near the null surface has been
constructed in Sec. IVA and we shall use that metric to evaluate various quantities of interest. As in
the case of static situation, here also we shall calculate all the quantities on a r = constant surface and
then shall take the limit r → 0 to retrieve the null surface. For that purpose we start with normal to the
r = constant surface and then take the null limit. With proper choice of la and ka [50] the entropy turns
out to be:
S =
1
2
∫
dD−2x
√
µPurur (71)
Let us next calculate the surface Hamiltonian that comes from the r = constant surface. Surface Hamil-
tonian has the following expression
Hsur =
1
8π
∫
dD−2x
√
µQ bdra Γ
a
bd (72)
The only connection components that will remain nonzero in the r → 0 limit are those given by Eq. (A11).
With these connections the surface Hamiltonian turns out to be,
Hsur =
1
8π
∫
dD−2x
√
µ
[
2αQurur + 2βAQ
Ar
ur + µ
BDΓˆABCQ
Cr
AD − µAC∂rµABQBruC
+
1
2
{−∂uµABQ ABrr + ∂uµBC (QCBur +QCuBr)} ] (73)
In the Einstein-Hilbert limit only the Qurur term contributes leading to Eq. (53). Now using Eq. (10) all
these Qabcd terms can be calculated. They lead to:
QArur = δ
AruBPQ...
urCDRS...R
CD
uB R
RS
PQ . . . (74)
QCrAD = δ
CrMNuL...
ADurPQ... R
ur
MNR
PQ
uL . . .+ δ
CruMPQ...
ADurRS... R
ur
uMR
RS
PQ . . .
+ δCrMPuKUV ...ADuQLJrW... R
uQ
MPR
LJ
uKR
rW
UV . . .+ δ
CrMPuLUV ...
ADuQrKXY ...R
uQ
MPR
rK
uLR
XY
UV . . .
+ δCruPMNUV ...ADuQrLXY ... R
uQ
uPR
rL
MNR
XY
UV . . . (75)
QBruC = δ
BruA...
uCrD...R
rD
uA . . .+ δ
BruPJK...
uCQRrM...R
QR
uP R
rM
JK . . . (76)
QBrrA = δ
BruCMN...
rAuDPQ... R
uD
uCR
PQ
MN . . .+ δ
BruCMN...
rAEFuR... R
EF
uC R
uR
MN . . . (77)
QCBru = δ
CBruMN...
ruPQRS... R
PQ
ru R
RS
MN . . .+ δ
CBrPuM...
ruQRNS... R
MN
rP R
NS
uM . . . (78)
In arriving at the above results we have used the fact that the determinant tensor is antisymmetric in
any two indices. Thus all the remaining terms, in the above expressions, contain only the components
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of the curvature tensor with indices depending on coordinates on the null surface. They are all fully
characterized by the (D − 2) metric µAB. In the null limit we have:
RCQuB = µ
QPRCPuB; R
rM
JK = µ
MNRrNJK ; R
rD
uC = −µADRrACu; (79)
Having obtained all the components of the surface term we will now consider the thermodynamic inter-
pretation.
As we said earlier thermodynamic interpretation can be given provided some additional conditions are
imposed. As explained in Sec. IVB 2 we can use two type of conditions: either on the variation (with
the metric remaining arbitrary) or on the metric (keeping the variations arbitrary). As in the case of
general relativity, it is preferable to impose the conditions the variations but keeping the background
metric arbitrary. From the result we had in the Einstein-Hilbert action we would expect these conditions
to include δ
(
µCA∂iµAB
)
= 0, DˆMδα = 0 and ∂iδµAB = 0. It turns out that, along with these conditions
we also need to set δβA = 0. With these conditions we get the only non-zero contributing term as:
Hsur =
1
4π
∫
dD−2x
√
µαQurur =
1
m
∫
dD−2x
( α
2π
)(1
2
√
σPurur
)
=
∫
dD−2xTs (80)
Hence the variation of the surface Hamiltonian leads to:
δHsur = − 1
4π
∫
dD−2x [δ (
√
µQurur)α+
√
µQururδα] (81)
As well as we have the following expression from Eq. (62),
δH(1)sur =
1
16π
∫
dD−2x ncU
bdc
a δΓ
a
bd =
1
4π
∫
dD−2x
√
µQururδα (82)
This along with Eqs. (81) and (62) leads to,
δH(2)sur =
1
16π
∫
dD−1x ncΓ
a
bdδU
bdc
a =
1
4π
∫
dD−1x αδ (
√
µQurur) (83)
Then Eqs. (82) and (83) can also be interpreted in terms of entropy density s = (m/2)
√
µQurur leading to:
δH(1)sur =
∫
dD−2x
√
µQurur
2
δ
( α
2π
)
=
1
m
∫
dD−2x sδT (84)
δH(2)sur =
∫
dD−2x
α
2π
δ
(√
µQurur
2
)
=
1
m
∫
dD−2x Tδs (85)
The above results hold formth order Lanczos-Lovelock Lagrangian, which can be generalized in a straight
forward manner to a general Lanczos-Lovelock Lagrangian made of sum of individual Lanczos-Lovelock
Lagrangians of different order.
For the sake of completeness, we mention that the same results can also be obtained for arbitrary
variations if we impose a constraint on the background metric. This constraint is identical in general
relativity and in Lanczos-Lovelock models and is given by ∂uµAB = 0 and DˆMα = ∂u(βM/2). This is
evident from the components of curvature tensor presented in Eqs. (A12), (A13) and (A14). As all of
them vanish, when we impose the condition ∂uµAB = 0 condition, from Eqs. (74), (75), (76) and Eq. (79)
we observe that only Qurur term remains. This again leads to the standard expressions as in Eqs. (84) and
(85).
VI. DESCRIBING GRAVITY IN TERMS OF CONJUGATE VARIABLES
In the previous section we have shown how variations of the two variables introduced in Sec. III B
are related to variations of temperature and entropy respectively. Having addressed the thermodynamic
features for these variables we now study whether the gravitational dynamics can be described in terms
of these variables.
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A. Einstein-Hilbert Action with the new set of variables
We start with the derivation of equations of motion in terms of the variables f ij andNkij used to describe
Einstein-Hilbert action which was pointed out in [33]. We shall consider a Palatini-type variation in which
we have taken the two conjugate variables, f ij and Nkij as independent. For our purpose we shall define
the Hamiltonian functional as
Hg = fab
(
N cadN
d
bc −
1
3
N cacN
d
bd
)
. (86)
Then the usual Hamilton’s equations of motion obtained from the above Hamiltonian will be:
∂cf
ab =
∂Hg
∂N cab
= fadN bcd + f
bdNacd −
1
3
famNddmδ
b
c −
1
3
f bmNddmδ
a
c (87)
∂cN
c
ab = −
∂Hg
∂fab
= −N cadNdbc +
1
3
N cacN
d
bd (88)
It is easy to show that these equations lead to (i) the correct relation between fab and N cab and (ii)
vacuum Einstein’s equations Rab = 0. (For details, see Ref. [33]). (It is this result which actually justifies
a posteriori our calling Hg the “Hamiltonian” and Eq. (88) the ‘Hamilton’s equations’; the structure is
quite different from the corresponding ideas in standard ADM approach; see [30] for more details of this
approach.)
We shall now try to generalize these ideas to Lanczos-Lovelock theories. As we have already noted in
Sec. III B, the natural generalization of these two variables does not work in Lanczos-Lovelock models
and we need to use the variable introduced in Eq. (32). It is therefore important to first verify what
happens to general relativity when we use these variables. So we will first study the Einstein-Hilbert case
before proceeding to Lanczos-Lovelock theory. For this purpose we shall start with the Einstein-Hilbert
Lagrangian written as:
L =
√−gR = √−g 1
2
(
gbdδca − gbcδda
)
Rabcd
=
√−g (gbdδca − gbcδda) (∂cΓabd − ΓadpΓpbc)
≡ U bcda
(
∂cΓ
a
bd − ΓadpΓpbc
)
(89)
where we have defined the variable, U bcda =
√−g (gbdδca − gbcδda) having all the symmetries of curvature
tensor. Let us see what happens if we treat the variables U bcda and Γ
a
bc as independent as befitting
conjugate variables. The variation of Γabc leads to:
δL |U bcda = U bcda
(
∂cδΓ
a
bd − ΓpbcδΓadp − ΓadpδΓpbc
)
= U bcda ∇cδΓabd (90)
In order to get to the final expression we have used the fact that the Lagrangian is a scalar density and
hence can be evaluated in a local inertial frame with U bcda and δΓ
a
bc as tensors. (One can explicitly verify
this result, even without using this trick.) Then we can rewrite Eq. (90) as:
δL |U bcda = ∇c
(
U bcda δΓ
a
bd
)− δΓabd∇cU bcda (91)
When the above equation integrated over the spacetime volume to obtain the variation δL of the action,
the first term ∇c
(
U bcda δΓ
a
bd
)
, being a total divergence contributes only on the surface and hence can be
dropped. Thus the condition δL = 0 for arbitrary variations δΓabc leads to:
∇cU bcda = 0 (92)
From the definition of U bcda it is evident that Eq. (92) implies ∇cgab = 0, standard result from Palatini
variation in Einstein-Hilbert action [3] [This result can also be obtained using Eq. (A3)].
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But we are led to a difficulty in this approach when we vary U bcda because the variation of U
bcd
a leads to
Rabcd = 0, i.e. flat spacetime! It is not possible to get Einstein equation from arbitrary variations of U
bcd
a
since it has four indices, naturally leading to zero curvature tensor, equivalently flat spacetime. The reason
for this disaster is simple. When we vary U bcda we are pretending that we are varying 20 independent
components (because U bcda has the symmetries of curvature tensor); but we know that — since U
bcd
a
is completely determined by gab — it really has only 10 independent components. So, in order to get
correct equations of motion we need to restrict variations such that there are only 10 of them independent
components in the variation δU bcda . This is easy to achieve. Since an arbitrary symmetric second rank
tensor Spq has 10 independent components, we can easily construct such a constrained variation by
considering a subclass ofδU bcda which is determined by the variations δS
p
q of an arbitrary second rank
tensor. This leads us to consider variations of the form:
δU qrsp =
(
U qrsm δ
n
p −
1
2
U qrsp δ
n
m
)
δSmn (93)
(In fact, it turns out that the above variation can be slightly generalized by introducing a sixth rank
tensor A qrsnpm satisfying the criteria A
qrsn
pm R
p
qrs = 0. We shall not consider these variations any more
since they have no effect on the equation of motion.) With these restricted class of variations we arrive
at:
δL |Γa
bc
=
1
2
RabcdδU
bcd
a
=
1
2
Rpqrs
(
U qrsm δ
n
p −
1
2
δnmU
qrs
p
)
δSmn (94)
Then for arbitrary variations of the symmetric tensor Sab , we get the equations of motion:
Rpqrs
(
U qrsm δ
n
p −
1
2
δnmU
qrs
p
)
= 0 (95)
To prove the equivalence with Einstein equation we note that the following relations
RpqrsU
qrs
m = 2
√−gRpm; RpqrsU qrsp = 2
√−gR (96)
directly transform the equation of motion (95) to, Gab = 0, the source-free Einstein equation. (We have
not included matter fields to our system about which we shall comment later.) In the next section we
will show the validity of the above formalism for Lanczos-Lovelock gravity.
B. Generalization to Lanczos-Lovelock gravity
In the case of Lanczos-Lovelock models the appropriate Lagrangian to consider for our purpose is:
L = U bcda (∂cΓ
a
bd − ΓamdΓmbc) (97)
which, using Eq. (32), can be identified with the Lanczos-Lovelock Lagrangian. The variation of the
above Lagrangian with respect to Γabc leads to
∇cU bcda = 0 (98)
as in the Einstein-Hilbert scenario (see Eq. (92)). This condition is equivalent to the criteria that in
Lanczos-Lovelock gravity ∇cP abcd = 0. This result is quiet remarkable, since the criterion that the
field equation should be of second order in the dynamical variable gets into picture automatically from
variation of the Lagrangian. In fact, this condition has another aspect to it. In general, when we study the
metric formulation we treat the Lagrangian with gab as the independent variable (with connections given
in terms of the metric) while in the Palatini formulation, we treat both the metric and the connections
as independent and their variation leads to the relation between them and the equation of motion. For
an arbitrary Lagrangian the metric and Palatini variation do not coincide [51]. However if the condition
∇c (∂L/∂Rabcd) = 0 is satisfied then both the metric and Palatini formulations coincide. This is identical
to the condition presented in Eq. (8) and it is interesting to see this condition emerging from a variation
here.
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Next we need to vary the Lagrangian with respect to U bcda . Arbitrary variation of U
bcd
a treating all
the 20 components independent will lead to trouble, just as in general relativity. Since the Lagrangian
in Eq. (97) can equivalently be written as L = (1/2)U bcda R
a
bcd, such that for arbitrary variation of U
bcd
a
we get Rabcd = 0, i.e. flat spacetime solution — just as in general relativity. In order to get the field
equation we need to again consider only a subclass of variations as we did in the Einstein-Hilbert scenario
to derive the equations of motion in Eq. (95). Here again we need to assume that not all the independent
components of U bcda are contributing to the variation but only 10 degrees of freedom, which can be
encoded by a symmetric second rank part with arbitrary variation. This amounts to taking:
δU qrsp =
(
U qrsm δ
n
p −
1
2
U qrsp δ
n
m
)
δSmn (99)
(Here also we can introduce an additional sixth rank tensor as we did after Eq. (93). However as far as
the equation of motion is concerned it has no effect and thus will not be considered any more.) With
these restricted class of variations the Lagrangian variation leads to:
δL |Γa
bc
=
(
mU pqra δ
b
s −
1
2
δbaU
pqr
s
)
RspqrδS
a
b (100)
where δSab is variation of an arbitrary symmetric second rank tensor and the factorm comes from the fact
that we are considering mth order Lanczos-Lovelock Lagrangian. When the variation δSab is considered
arbitrary the equation of motion turns out to be(
mU pqra δ
b
s −
1
2
δbaU
pqr
s
)
Rspqr = 0. (101)
To show that the above equation of motion is indeed identical to the equation of motion in Lanczos-
Lovelock gravity we just use Eq. (32) to substitute for U bcda leading to:
0 = mQ pqra R
b
pqr −
1
2
δbaQ
pqr
s R
s
pqr
= Rab −
1
2
δabL (102)
which is the Lanczos-Lovelock equation of motion. Thus we observe that these two variables satisfy all
the criteria that conjugate variables should.
The above result is derived for mth order Lanczos-Lovelock Lagrangian and can be easily generalized
to general Lanczos-Lovelock Lagrangian L =
∑
m cmL
(m). Then the above variation of Lanczos-Lovelock
Lagrangian leads to the following expression:
δ
(√−gL) |Γa
bc
=
∑
m
cmδ
(√−gL(m)) |Γa
bc
=
{(∑
m
cmmU
pqr
a
)
δbs −
1
2
δba
(∑
m
cmU
pqr
s
)}
RspqrδS
a
b (103)
For arbitrary variation of the symmetric tensor Sab the equation of motion can be obtained as:{(∑
m
cmmU
pqr
a
)
δbs −
1
2
δba
(∑
m
cmU
pqr
s
)}
Rspqr = 0 (104)
Note that with the following relations
∑
m
cmmU
pqr
a =
∂
√−gL
∂Rapqr
=
√−gP pqra (105)
∑
m
cmU
pqr
s R
s
pqr =
√−gL (106)
the above Eq. (104) becomes equivalent to
Rba −
1
2
δbaL = 0 (107)
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which is the Lanczos-Lovelock field equation.
In this approach, we arrive at the condition that needs to be imposed in order to get second order
equation of motion, directly from a variational principle along with the field equation. The price we pay
is the following: (a) We need to restrict the form of the variations, the physical meaning of which is
unclear. (b) The inclusion of matter in this scheme is difficult. Usually, the energy momentum tensor
comes from the variation of the matter Lagrangian with respect to the metric alone and since we have
not included the metric in our formulation it is not clear how to include matter. These issues require
further investigation.
VII. CONCLUDING REMARKS
The link between the standard approach to gravity and the thermodynamical one is provided by the
action principle of gravity. Previous studies have shown that these actions have several peculiar features
and — under suitable conditions — a thermodynamical interpretation. This motivates us to look for
geometrical variables in which the expression for action simplifies and which will have direct thermody-
namical interpretation. More specifically, we want to discover geometrical variables, symbolically called
[q, p] such that qδp and pδq will correspond to sδT and Tδs where T is the horizon temperature and s is
the entropy density.
This goal was achieved for the Einstein-Hilbert action recently [33] by introducing canonically conju-
gate variables as fab =
√−ggab and the corresponding momenta N cab. In terms of these variables, the
surface term turns out to have the structure −∂(qp) and the their variations have direct thermodynamic
interpretation.
It has been noticed in the past that virtually every result involving the thermodynamical interpretation
gravity, which was valid for general relativity , could be generalized to Lanczos-Lovelock models. We
have shown that this fact holds for the above result as well. We could introduce two suitable variables
in the case of Lanczos-Lovelock models with the following properties: (a) These variables reduce to the
ones used in general relativity in D = 4 when the Lanczos-Lovelock model reduces to general relativity.
(b) The variation of these quantities correspond to sδT and Tδs where s is now the correct Wald entropy
density of the Lanczos-Lovelock model. This result holds rather trivially on any static (but not necessarily
spherically symmetric or matter-free) horizon and — more importantly — on any arbitrary null surface
acting as local Rindler horizon. Since local Rindler structures can be imposed on any event, this shows
that, around any event, certain geometric variables can be attributed thermodynamical significance.
These variables, by themselves, seem interesting and deserves further study. For example, we found
that they can be thought of as connections and conjugate momenta associated with connections in a
formal sense. But to get sensible equations of motion by varying these quantities, we needed to restrict
their variation in a manner which — while mathematically rigorous — is physically unclear. We thus
find that while the thermodynamic significance of these variables are clear and direct, the dynamical
significance requires further work to establish.
The analysis once again confirms that the thermodynamic interpretation goes far deeper than general
relativity and is definitely telling us something nontrivial about the structure of the spacetime. We note
that the nature of Wald entropy density in Lanczos-Lovelock models is far more complicated than a
simple constant (1/4) in general relativity ; yet, everything works out exactly as expected. The action
principle somehow encodes the information about horizon thermodynamics, which is a key result in
emergent gravity paradigm.
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Appendix A: Derivation of Various Identities used in Text
We will consider the p∂q and q∂p structure arising from the identification of f˜ab as coordinate and N˜ cab
as momentum in Lanczos-Lovelock gravity. For the calculation, the following identity will be used here
18
and there:
0 = ∇cQcdab = ∂cQcdab + ΓcckQkdab
− ΓkcaQcdkb − ΓkcbQcdak + ΓdckQckab (A1)
However Qcdab being antisymmetric in (c,d) while Γ
c
ab being symmetric in (a,b) the last term in the above
expansion vanishes. Thus ordinary derivative of the quantity Qcdab has the following expression
∂cQ
cd
ab = −ΓcckQkdab + ΓkcaQcdkb + ΓkcbQcdak (A2)
Note that we can include
√−g in the above expression leading to:
∂c
(√−gQ bcda ) = (√−gQ bcdp )Γpac − (√−gQpcda )Γbcp (A3)
Thus we get the following expression from Eq. (A2):
∂cN˜
c
ab = ∂c
[
QcqbpΓ
p
aq +Q
cq
apΓ
p
bq
]
=
(
∂cQ
cq
bp
)
Γpaq +Q
cq
bp∂cΓ
p
aq +
(
∂cQ
cq
ap
)
Γpbq +Q
cq
ap∂cΓ
p
bq
= QcqkpΓ
k
cbΓ
p
aq +Q
cq
bkΓ
k
cpΓ
p
aq −QkqbpΓpaqΓcck +QcqkpΓkcaΓpbq
+ QcqakΓ
k
cpΓ
p
bq −QkqapΓcckΓpbq +Qcqbp∂cΓpaq +Qcqap∂cΓpbq (A4)
where in order to arrive at the last equality Eq. (A2) has been used. Now contracting the above expression
with f˜ab we readily obtain
f˜ab∂cN˜
c
ab =
√−ggab
[
2Qcqap∂cΓ
p
bq + 2Q
cq
kpΓ
k
caΓ
p
bq + 2Q
cq
akΓ
k
cpΓ
p
bq − 2QkqapΓcckΓpbq
]
= −2√−gQ bcqp
(
∂cΓ
p
bq + Γ
p
ckΓ
k
bq
)
+ 2
√−gQ bkqp ΓcckΓpbq + 2
√−ggabQcqkpΓkcaΓpbq
= −√−gQ bqcp Rpbqc + 2
√−gQ bkqp ΓcckΓpbq + 2
√−ggabQcqkpΓkcaΓpbq. (A5)
Note that in the Einstein-Hilbert limit the last two terms adds up to yield −√−gLquad. Then consider
the other combination which can be expressed as
N˜ cab∂cf˜
ab =
(
QcqapΓ
p
qb +Q
cq
bpΓ
p
qa
)
∂c
(√−ggab)
=
√−g
(
QcqapΓ
p
qb +Q
cq
bpΓ
p
qa
) (
∂cg
ab + gabΓpcp
)
= 2
√−gQcqapΓpqb∂cgab + 2
√−gQ bqcp ΓpqbΓmcm
= 2
√−gQ bcqp ΓlbcΓpql + 2
√−gQ bqcp ΓpqbΓmcm − 2
√−ggbmQcqapΓpqbΓacm
=
√−gLquad + 2
√−gQ bqcp ΓpqbΓmcm − 2
√−ggbmQcqapΓpqbΓacm. (A6)
In the Einstein-Hilbert limit the above term leads to 2
√−gLquad. Next we will derive similar relations
which actually behaves as conjugate variables, with the identification, p ≡ 2√−gQ bcda and q ≡ Γabc. Then
the respective p∂q and q∂p expressions are given in the following results:
2
√−gQ bdce ∂cΓebd =
√−gQ bdce (∂cΓebd − ∂dΓebc)
=
√−gQ bdce Rebcd − 2
√−gQ bdce ΓemcΓmbd
= −√−gQ abce Reabc −
√−gLquad (A7)
and
Γdbe∂c
(
2
√−gQ becd
)
= 2
√−gΓdbe∂cQ becd + 2ΓdbeQ becd ∂c
√−g
= 2
√−gΓdbe
(
ΓacdQ
bec
a − ΓbcaQ aecd − ΓccaQ bead
)
+ 2ΓdbeQ
bec
d ∂c
√−g
= 2
√−gLquad (A8)
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Now we will show one derivative used in the text for Lanczos-Lovelock Lagrangian:
∂ (
√−gL)
∂ (∂lΓuvw)
= m
√−gδaba2b2...ambmcdc2d2...cmdm
∂Rcdab
∂ (∂lΓuvw)
Rc2d2a2b2 . . . R
cmdm
ambm
= m
√−gδaba2b2...ambmcdc2d2...cmdm
[
gdpδcuδ
v
p
(
δlaδ
w
b − δlbδwa
)]
Rc2d2a2b2 . . . R
cmdm
ambm
= 2m
√−ggdvQlwud = mU vlwu (A9)
The next thing to consider are the connections in the general static metric we are considering. There the
connections are given by
Γnnn = Γ
n
tn = Γ
n
nA = Γ
n
tA = 0
Γntt = N∂nN ; Γ
n
AB = −
1
2
∂nσAB
Γtnn = Γ
t
nA = 0
Γtnt =
∂nN
N
; Γttt =
∂tN
N
ΓttA =
∂AN
N
; ΓtAB =
∂tσAB
2N2
ΓAnn = Γ
A
nt = 0
ΓAnB =
1
2
σAC (∂nσBC) ; Γ
A
tt = Nσ
AB∂BN
ΓAtB =
1
2
σAC (∂tσBC) ; Γ
A
BC =
1
2
σAD (−∂DσBC + ∂BσCD + ∂CσBD) (A10)
Also we list below all the connections in GNC coordinate system that will remain nonzero in the null
surface limit:
Γuuu = α; Γ
u
uA = βA/2; Γ
u
AB = −∂rµAB/2
Γrur = −α; ΓrrA = −βA/2; ΓrAB = −∂uµAB/2
ΓABC = Γˆ
A
BC ; Γ
A
Bu = µ
CA∂uµBC/2;
ΓABr = µ
CA∂rµBC/2; Γ
A
ur = −βA/2 (A11)
Now we will present curvature tensor components in GNC coordinates, which are relevant for the calcu-
lations in the main text
RCPuB = ∂uΓ
C
PB − ∂BΓCPu + ΓCmuΓmPB − ΓCmBΓmPu
= ∂u
(
1
2
β¯C∂rµPB + Γˆ
C
PB
)
− ∂B
(
1
2
β¯C∂rβ¯P +
1
2
µCA∂uµPA +
1
2
µCA
(
DˆP β¯A − DˆAβ¯P
))
+
(
1
2
β¯C∂rβ¯A +
1
2
µCB∂uµBA +
1
2
µCB
(
DˆAβ¯B − DˆBβ¯A
))(1
2
β¯A∂rµBP + Γˆ
A
BP
)
−
(
1
2
β¯C∂rα¯− 1
2
µCADˆAα¯+ µ
AC∂uβ¯A
)(
1
2
∂rµAB
)
−
(
1
2
µCA∂rβ¯A
)(
1
2
{
∂uµPB +
(
β¯C β¯C − α¯
)
∂rµPB
}
+
1
2
(
DˆP β¯B + DˆBβ¯P
))
−
(
1
2
β¯C∂rµBA + Γˆ
C
AB
)(
1
2
β¯A∂rβ¯P +
1
2
µCA∂uµPC +
1
2
µCA
(
DˆP β¯C − DˆC β¯P
))
+
(
1
2
β¯C∂rβ¯B +
1
2
µCA∂uµBA +
1
2
µCA
(
DˆBβ¯A − DˆAβ¯B
))(1
2
∂rβ¯P
)
+
(
1
2
µCA∂rµBA
)(
1
2
(
β¯C β¯C − α¯
)
∂rβ¯P +
1
2
DˆP α¯− 1
2
β¯B
(
∂uµPB + DˆP β¯B − DˆBβ¯P
))
= ∂uΓˆ
C
PB −
1
2
µCM∂B∂uµMP − 1
2
∂Bµ
CM∂uµMP +
1
2
µCM∂uµMAΓˆ
A
PB
− 1
2
∂uµPBΓ
C
ru −
1
2
µCM∂uµMBΓ
u
Pu −
1
2
µAC∂uµCP Γˆ
C
AB (A12)
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RrABu = ∂BΓ
r
Au − ∂uΓrAB + ΓrBmΓmAu − ΓrumΓmBA
= ∂B
[
−1
2
(
β¯C β¯C − α¯
)
∂rβ¯A +
1
2
DˆAα¯− 1
2
β¯B
(
∂uµAB + DˆAβ¯B − DˆBβ¯A
)]
− ∂u
[
−1
2
{
∂uµAB +
(
β¯C β¯C − α¯
)
∂rµAB
}
+
1
2
(
DˆAβ¯B + DˆBβ¯A
)]
+
( [1
2
(
∂rβ¯B − β¯C∂rµCB
)] [−1
2
(
β¯C β¯C − α¯
)
∂rβ¯A +
1
2
DˆAα¯− 1
2
β¯B
(
∂uµAB + DˆAβ¯B − DˆBβ¯A
)]
+
[
−1
2
(
β¯C β¯C − α¯
)
∂rβ¯A +
1
2
DˆAα¯− 1
2
β¯B
(
∂uµAB + DˆAβ¯B − DˆBβ¯A
)] [
−1
2
∂rβ¯A
]
+
[
−1
2
{
∂uµBC +
(
β¯M β¯M − α¯
)
∂rµBC
}
+
1
2
(
DˆC β¯B + DˆBβ¯C
)]
×
[
1
2
β¯C∂rβ¯A +
1
2
µCB∂uµBA +
1
2
µCB
(
DˆBβ¯A − DˆAβ¯B
)]
− (B ↔ u)
)
=
1
2
∂2uµAB −
1
4
∂uµBCµ
CM∂uµMA +
1
2
α∂uµAB (A13)
and
RrPQR = ∂QΓ
r
PR − ∂RΓrPQ + ΓrmQΓmPR − ΓrmRΓmPQ
= −∂Q
(
1
2
{
∂uµPR +
(
β¯C β¯C − α¯
)
∂rµPR
}
+
1
2
(
DˆP β¯R + DˆRβ¯P
))
+
(
1
2
(
β¯C β¯C − α¯
)
∂rβ¯Q +
1
2
DˆQα¯− 1
2
β¯B
(
∂uµQB + DˆQβ¯B − DˆBβ¯Q
))(1
2
∂rµPR
)
−
(
1
2
(
∂rβ¯Q − β¯C∂rµCQ
))(1
2
{
∂uµPR +
(
β¯C β¯C − α¯
)
∂rµPR
}
+
1
2
(
DˆP β¯R + DˆRβ¯P
))
−
(
1
2
{
∂uµAQ +
(
β¯C β¯C − α¯
)
∂rµAQ
}
+
1
2
(
DˆAβ¯Q + DˆQβ¯A
))(1
2
β¯A∂rµPR + Γˆ
A
PR
)
− (Q↔ R)
= −1
2
∂Q∂uµPR +
1
2
∂R∂uµPQ +
1
4
βQ∂uµPR − 1
4
βR∂uµPQ
− 1
2
∂uµAQΓˆ
A
PR +
1
2
∂uµARΓˆ
A
PQ (A14)
Appendix B: Identities Regarding Lie Variation of P abcd
In this section we shall derive some identities related to Lie variation of the entropy tensor, P abcd. For
that purpose we first consider Lie variation of the Lagrangian treated as a scalar function of the metric
gab and Rabcd leading to
£ξL (gab, Rijkl) = ξ
m∇mL (gab, Rijkl) = ∂L
∂gab
ξm∇mgab + ∂L
∂Rijkl
ξm∇mRijkl = P ijklξm∇mRijkl (B1)
where we have used the fact that covariant derivative of metric tensor vanishes. Then for the Lagrangian
which is homogeneous function of degree m we get
£ξL = ξ
m∇m
(
1
m
P ijklRijkl
)
(B2)
Then using Eq. (B1) we readily obtain
Rabcdξ
m∇mP abcd = (m− 1)P abcdξm∇mRabcd (B3)
We also have the following relation:
P ijkl£ξRijkl = P
ijkl (ξm∇mRijkl +Rajkl∇iξa +Riakl∇jξa +Rijal∇kξa +Rijka∇lξa)
= P ijklξm∇mRijkl + 4∇iξmRijklPmjkl
= P ijklξm∇mRijkl + 4∇iξmRim (B4)
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Again we can also write, m£ξL = P
ijkl£ξRijkl +Rijkl£ξP
ijkl. Then we obtain:
Rijkl£ξP
ijkl = m£ξL− P ijkl£ξRijkl
= m£ξL− P ijklξm∇mRijkl − 4∇iξmRim
= (m− 1)P abcdξm∇mRabcd − 4∇iξmRim (B5)
This equation can also be casted in a different form as
Rabcd
(
£ξP
abcd − ξm∇mP abcd
)
= −4∇iξmRim (B6)
Now we can rewrite the metric as a function of gab and R
a
bcd, in which case the Lie variation leads to
£ξL (gij , R
a
bcd) = P
jkl
i ξ
m∇mRijkl (B7)
With the Lagrangian as homogeneous function of curvature tensor to mth order leads to
Rabcd£ξP
bcd
a = (m− 1)P jkli ξm∇mRijkl (B8)
Then we arrive at the following identity
P abcd£ξ (gamR
m
bcd) = P
bcd
a ξ
m∇mRabcd + 4∇iξmRim (B9)
or
P bcda £ξR
a
bcd = P
bcd
a ξ
m∇mRabcd + 4∇iξmRim −RamLξgam
= P bcda ξ
m∇mRabcd + 2∇iξmRim (B10)
This leads to the following relation:
Rabcd
(
£ξP
bcd
a − ξm∇mP bcda
)
= −2∇iξmRim (B11)
If we proceed along the same lines we readily obtain another such relation given as:
Rijkl
(
£ξP
kl
ij − ξm∇mP klij
)
= 0 (B12)
These relations illustrate the Lie variation of P abcd when contracted with the curvature tensor.
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